In this work the shear viscosity of strongly interacting matter is calculated within a two-flavor Nambu-Jona-Lasinio model as a function of temperature and chemical potential. The general Kubo formula is applied, incorporating the full Dirac structure of the thermal quark spectral function and avoiding commonly used on-shell approximations. Mesonic fluctuations contributing via Fock diagrams provide the dominant dissipative processes. The resulting ratio η/s (shear viscosity over entropy density) decreases with temperature and chemical potential. Interpolating between our NJL results at low temperatures and hard-thermal-loop results at high temperatures a minimum slightly above the AdS/CFT benchmark η/s = 1/4π is obtained.
I. INTRODUCTION
The quark-gluon plasma produced in heavy-ion collisions at RHIC and LHC is a hot and dense state of strongly correlated matter. It behaves like an almostperfect fluid featuring a small ratio η/s of shear viscosity to entropy density [1] [2] [3] . In this work we calculate viscous effects of interacting quarks within a two-flavor Nambu-Jona-Lasinio (NJL) model [4] [5] [6] [7] [8] [9] [10] [11] . A large-N c scaling of the four-fermion vertex as inferred from QCD introduces a bookkeeping in which mesonic fluctuations (meson clouds around quarks) provide the dominant dissipative processes. The shear viscosity η is calculated using the Kubo formalism [12] similar as in Refs. [13] [14] [15] [16] [17] [18] [19] [20] . The new element of the present work is that the full Dirac structure of the thermal quark self-energy is included when evaluating the Kubo formula, thus avoiding commonly used approximations [17, [21] [22] [23] . At the same time we extend our previous studies in Ref. [24] .
The present paper is organized as follows: in Section II we discuss the NJL model from the perspective of large-N c scaling together with the gap equation and the BetheSalpeter equation. In addition we introduce the approximation scheme for the quark-meson coupling used in this work. In Section III we develop the Kubo formula incorporating the full Dirac structure of the thermal quark self-energy. In Section IV results for the quark self-energy Σ β generated by mesonic fluctuations are presented, assuming first an on-shell approximation. In this case the coupling between quarks and mesons is dissipative only at sufficiently high temperatures where pions can decay on-shell into quark-antiquark pairs and thus the quark self-energy receives an imaginary part. In the next step constituent quarks off their mass shell are considered allowing for additional kinematic possibilities. Details of the calculation are displayed in the Appendices B and C. The results for the shear viscosity η and the ratio η/s are presented and discussed in Section V. In the hightemperature region gluonic degrees of freedom become dominant and results from hard-thermal loop calculations extend our NJL-model results [20] . Finally, Section VI gives a summary of our most important findings.
II. NJL MODEL AND MESONIC CLOUDS
In this work the simplest two-flavor NJL model is used, including scalar and pseudoscalar interactions only:
where ψ = (u, d) T is the isospin-doublet quark field, m 0 = diag(m u , m d ) is the current-quark mass matrix (we work in the isospin limit, m u = m d ≡ m 0 ), and τ denotes the vector of three isospin Pauli matrices. The effective four-fermion coupling G is supposed to include non-perturbative (gluonic) dynamics. The large-N c scaling of QCD implies G ∼ 1/N c in the NJL model. One should note that in QCD the color gauge symmetry is local whereas in the NJL model it is reduced to a global symmetry.
In this large-N c counting a hierarchy of DysonSchwinger equations can be introduced [25, 26] , where the leading order O(N 0 c ) is just the NJL gap equation in Hartree approximation: = + (2) Lines with a black square denote full quark propagators whereas lines without denote bare quark propagators including the current-quark mass. In order to distinguish Hartree and Fock contributions generated by the fourquark vertex proportional to G we have introduced the wavy line in the last diagram. It indicates that a color trace is involved in the quark loop. Hence, the diagram- Table I .
matic gap equation (2) reads
It includes contributions from explicit chiral symmetry breaking, m 0 , and from the quark condensate:
where n ± F (E p ) = [1 + exp (β(E p ∓ µ))] −1 denotes the Fermi distribution functions with E p = p 2 + m 2 , and β = 1/T is the inverse temperature. In the commonly used mean-field approximation, the (thermal) constituent-quark mass is determined by solving just this Hartree part of the gap equation. The resulting quark mass within this approximation is shown in Fig. 1 . At next-to-leading order the mesonic modes are obtained from the well-known Bethe-Salpeter equation (BSE) in random-phase approximation:
= + (5) When going beyond the mean-field approximation, the NJL gap equation includes Fock terms that are suppressed by 1/N c :
A self-consistent treatment of the gap equation including Fock terms with mesonic modes and the Bethe-Salpeter equation describing these mesonic modes is approximated by a common procedure [26, 27] : the mesonic fluctuations are evaluated using the Hartree solution of the gap equation only which ensures a consistent large-N c counting of the NJL model up to next-to-leading order 1/N c . The last (Fock) diagram in the extended gap equation (6) represents the mesonic clouds which couple mesonic fluctuations to constituent quarks. This coupling is described by Yukawa interactions with a single quarkmeson coupling, g πqq , implied by chiral symmetry:
Solving the Bethe-Salpeter equation (5) gives (renormalized) meson propagators from which meson masses can be extracted. The resummation of quark-antiquark scattering modes leads to meson propagators for any of the pions (P) or the sigma boson (S):
Here we have introduced the polarization tensors Π S/P corresponding to the scalar or pseudoscalar quarkantiquark loops. They have the form
where N P = − ω 2 n + p 2 and N S = N P − 4m 2 refer to the pion and sigma modes, respectively. Explicit expressions for I 1 and I 2 (p, ω n ) can be found in Appendix A. Note that the gap equation in Hartree approximation (3) involves also the loop integral I 1 :
Poles of the meson propagators D M can appear only in Minkowski space, therefore one performs the analytical continuation iω n → ω + iε. In general the polarization tensor is complex which is evident at high temperatures where a mesonic resonance instead of a bound state is realized. Therefore, we define the meson mass m M at p = 0 as a solution of 1 :
In the pseudoscalar channel the (renormalized) pion propagator reads
1 In principle, there is a momentum dependence of the pion mass.
We have chosen to define masses always in the reference frame of the heat bath, so p = 0 and ω 2 n = −m 2 π . from which the pion mass can be calculated by solving
If one considers the scalar channel instead, the mass of the sigma boson can be extracted 2 :
At high temperatures T , far above the chiral transition temperature, the scalar and pseudoscalar modes tend to degenerate:
π . This goes along with the restoration of chiral symmetry. The results for the thermal meson masses are also shown in Fig. 1 . The parameter set which has been used to calculate m(T ), m π (T ) and m σ (T ) is given in Table I . It reproduces physical values for m π = 140 MeV, for the pion decay constant f π = 92.4 MeV, and realistic values for the constituentquark mass m = 325 MeV and the chiral condensate ψ ψ = −(316 MeV) 3 . Due to the absence of confinement in the NJL model, the thermal pion can decay onshell into two thermal constituent quarks. The critical temperature for this is called Mott temperature T M and determined by m π (T M ) = 2m(T M ). At vanishing chemical potential it has the value T M ≈ 212 MeV. Therefore, for the shear viscosity arising from mesonic fluctuations, on-shell dissipative effects are possible only for T > T M .
We continue with examining the validity of the standard pole approximation for determining meson masses. In Minkowski space, the solution of the BSE (at finite T and µ) reads for the pionic mode:
2 Note that this relation between mσ and mπ is valid only if the energy dependence of I 2 is negligible. For high T pions and the sigma boson are degenerate and one has I 2 (−imπ) ≈ I 2 (−imσ).
The fact that I 2 (p, −iω) is energy and momentum dependent implies that the standard pole-mass approximation,
does not reproduce the full (p, ω) dependence of the propagator. A general quark-pion coupling can be introduced by
with the momentum dependent pion mass m π (p) defined as a solution of
The results for the momentum-dependent pion mass m π (p) are shown in Fig. 2 . The pion becomes more massive when it carries additional momentum. This qualitative behavior of m π (p) is consistent with the fact that the constituent-quark mass m(p) decreases as function of momentum. The associated tendency towards chiral symmetry restoration weakens the Goldstone boson character of the pion. As usual we define the quark-meson coupling as the residue of the full meson propagator at vanishing momentum [28] :
From the pion propagator D π in Eq. (15) we get immediately
We have identified the static quark-meson coupling, g πqq,static , where the energy dependence of I 2 (0, −iω) is neglected and find g −2 Fig. 3 we compare the two approaches for calculating the quark-pion coupling. When staying in a 50% interval around the pion pole, 0.5m π < ω < 1.5m π , we find indeed that the usual treatment, fixing g πqq at the pion pole, is a rather good approximation. It is interesting to note that for vanishing three-momentum at T = 150 MeV the approximated quark-pion coupling, g πqq,static overestimates the actual coupling when evaluating at energies smaller than the pion mass. In contrast, for high momenta but the same temperature, the coupling is underestimated by up to 6% which is still a good approximation. Only at very high temperatures and far away from the actual pole mass sizable deviations occur. However, apart from such extreme values, one can conclude that the approximated quark-pion coupling is contribute at the order of only a few percent. Therefore, we do not take any momentum dependence into account apart from the derivative correction in Eq. (20) . This leads to a simplified treatment of the mesonic fluctuations since the quark-meson coupling is just a constant and therefore does not affect the momentum integration.
III. KUBO FORMALISM AND QUARK SELF-ENERGY
In the Kubo formalism the shear viscosity is related to a correlator of the energy-momentum tensor. Assuming an infinite homogeneous medium close to thermal equilibrium, the (frequency dependent) shear viscosity is given by [24] :
with the energy-momentum tensor of quarks:
The correlator in the integrand of the Kubo formula (21) is defined through the thermal expectation values with
with H the Hamiltonian. As discussed in our previous work [24] , the shear viscosity can be written in terms of the quark spectral function ρ = − 1 π Im G R (with G R the retarded quark propagator, see also Refs. [21] [22] [23] ):
In Ref. [24] the shear viscosity η[Γ(p)] has been explored assuming a simple parameterization of the thermal quark propagator with a schematic (momentum dependent) spectral width, Γ(p; T, µ):
from which the quark spectral function can be derived. The general Dirac structure is, however, richer than the parameterization in Eq. (25) . Due to the breaking of Lorentz invariance in the thermal medium, three functions A, B, C are necessary to specify the quark spectral function:
with a denominator D. These four functions depend on the (off-shell) energy p 0 , the three-momentum p, and the thermal parameters T and µ. They can be determined from the thermal quark propagator in Minkowski space
The general Dirac structure of the thermal quark selfenergy isΣ
with three dimensionless functionsΣ j (p 0 , p). Incorporating mesonic fluctuations within the NJL model, the self-energyΣ receives contributions from three pions and one sigma boson:
with Σ S/P j further specified after Eq. (38) . For the present calculation we take into account only the relevant imaginary parts,
In doing so, we ignore the momentum dependence of the constituent-quark mass as it arises from mesonic Fock contributions. Formally, this approximation is equivalent to readjusting the NJL parameters and introducing a new set (m 0 , G, Λ) new that will depend on the thermal variables T and µ, and on energy and momentum. The resulting thermal quark propagator is:
with the two auxiliary functions N 1,2 (p 0 , p):
The four energy and momentum-dependent functions A, B, C, D parameterizing the quark spectral function ρ in Eq. (26) are thus identified as:
The evaluation of the shear viscosity is now reduced to carrying out all the traces for the integrand of Eq. (24):
(34) After angular integration the shear viscosity reads:
with Λ = 651 MeV the NJL cutoff and N c N f = 6. Quite remarkably, negative and positive contributions balance to an overall positive shear viscosity η > 0. It is important to note that according to the representation in Eq. (35), η is an even function of the chemical potential µ. This is ensured by a separate integration over positive and negative energies and the property I(− , µ) = I( , −µ) of the entire integrand.
IV. QUARK SELF-ENERGY FROM MESONIC FLUCTUATIONS
In this section we evaluate the quark self-energy arising from the Fock diagram with mesonic fluctuations (6). They introduce non-vanishing imaginary parts ρ j at next-to-leading order in 1/N c .
A. On-shell quarks
Let us first consider quarks with on-shell kinematics p quarks are ν n = (2n + 1)πT − iµ. Note that the frequencies for antiquarks are ν * n = (2n + 1)πT + iµ. There are N 2 f − 1 = 3 equal contributions from the pseudoscalar channel (pions, Γ P = iγ 5 ) and one contribution from the scalar channel (sigma boson, Γ S = 1). The corresponding self-energies are calculated as:
with the thermal quark and meson propagators,
where ω n = 2nπT are bosonic Matsubara frequencies. Its Dirac structure has the following form:
with three dimensionless functions Σ j (p, ν n ). The plus and minus sign in front of Σ 0 refers to the (scalar) sigma boson and the (pseudoscalar) pion, respectively: Σ S/P 3,4 = Σ 3,4 but Σ S/P 0 = ±Σ 0 . We note that in the single-width approximation in Eq. (25) We now analytically continue the quark self-energy to Minkowski space, ν n → −ip 0 , and extract the imaginary parts of Σ j relevant for calculating the shear viscosity. The detailed derivation can be found in Appendix B. Here we only state the results (j = 0, 3, 4):
with
, the weight factors
and the integration boundaries
The index M is either S (sigma boson) or P (pion). The remaining integral over E f in Eq. (39) can be performed and one finds the following analytical expressions: The representations of Σ 3 and Σ 4 contain energydependent prefactors, F 3 and F 4 , respectively, which lead to more complex results. After introducing the auxiliary function
one obtains:
These results for Im Σ j (p, −ip 0 ), j = 0, 3, 4, will be used for the evaluation of the shear viscosity (35) , where p 0 = m 2 + p 2 is a function of the quark momentum due to the on-shell treatment. Their dependence on the momentum p is shown in Fig. 4 for the pion case at two different temperatures, T = 220, 260 MeV, and vanishing chemical potential. Due to the explicit analytical form of the self-energy contributions, they can be easily implemented and numerical issues arise only from handling the peaks in the integrand of the Kubo formula (35), cf. also Ref. [24] . We emphasize that its energy and momentum integrals are carried out independently and the functions A, B, C, D in its integrand remain off-shell.
B. Off-shell quarks
So far we have treated the external quark in the Fock self-energy Σ (24), the quark spectral function ρ(p 0 , p) enters for off-shell kinematics. Using on-shell expressions for Im Σ j is a commonly used but unnecessary approximation. While in the on-shell approximation only one dissipative process (meson decay into a quark-antiquark pair) gives rise to an imaginary part, the off-shell situation features several dissipative processes. In Appendix C the detailed analytical calculation of the off-shell imaginary parts of the quark self-energy from mesonic fluctuations is presented. Here we state only the results:
and
It is interesting to note that in contrast to the on-shell results in Eqs. (42) and (44), the off-shell imaginary parts feature a vacuum contribution included in J III and K III which do not vanish in the limit T, µ → 0.
V. RESULTS FOR THE SHEAR VISCOSITY
We are now ready to present results for the shear viscosity η in the NJL model. First we use the on-shell expressions for the imaginary parts Im Σ j , j = 0, 3, 4, written in Eqs. (42) and (44) We observe an overall decreasing function η(T ) and also decreasing values η(µ) for increasing the chemical potential. A small shear viscosity reflects a highly correlated system: stronger interactions with the thermal medium lead to a lower value of η [24] . We conclude that the quark plasma described by the NJL model, where the shear viscosity is induced by mesonic fluctuations occurring at order 1/N c , becomes more strongly correlated for both increasing temperature and chemical potential. Now we turn to the ratio η/s, shear viscosity to entropy density. Consistent with the 1/N c -approach, we use for s the entropy density of non-interacting constituent quarks with (T, µ)-dependent masses:
where the upper boundary of the momentum integral, Λ,∞ , encodes E = m 2 + p 2 for p < Λ but E = m 2 0 + p 2 for p > Λ, with the current-quark mass m 0 instead of the constituent-quark mass m. This so-called soft-cutoff scheme ensures the correct Stefan-Boltzmann limit of s(T, µ) at high temperatures. Inspection of Fig. 6 shows that the overall scale of the ratio η/s is comparable to 1/4π [29, 30] . However, for large enough temperatures it undershoots the AdS/CFT benchmark as it can happen also in other quantum field theoretical models [31] [32] [33] . In the NJL model this happens for vanishing chemical potential at T ≈ 275 MeV, and for a finite chemical potential, µ = 200 MeV, at a somewhat lower temperature T ≈ 260 MeV. Furthermore, we compare our results for η/s to those from lattice QCD, [34, 35] , which are shown as squares with error bars in Fig. 6 . They have been obtained within pure-gauge QCD and suggest a rising ratio η/s for T > 250 MeV, a behavior which is not found in the NJL model. This qualitative difference can be explained by considering results from hard thermal loop (HTL) calculation in QCD [36, 37] . At leading logarithmic order one finds the behavior [38] :
with flavor-dependent coefficients C 1 and C 2 . Consequently, the dimensionless ratio η/s scales as η/s ∼ α −2 s at leading order. For increasing temperature the QCD coupling becomes weak, α s → 0, and the ratio η/s rises with T according to the HTL results. Lattice QCD suggests that this trend sets in at rather low temperatures, where HTL calculations are not applicable since they are based on perturbative-QCD and resummation techniques. The main reason for the rising behavior of η/s in lattice QCD are the weaker correlations between the gauge bosons towards asymptotic freedom. In contrast to this, the NJL-model coupling G remains constant and the viscous effects from mesonic fluctuations are growing in the considered temperature range 180 MeV T 300 MeV. As a consequence, the NJL model provides η and η/s decreasing with T and µ. Note that for large T the thermal quark mass, m(T ) ∼ gT , dominates the constituent-quark mass derived within the NJL model. In our results the quark mass becomes small in this temperature region: m → m 0 , cf. Fig. 1 . The open circles in Fig. 6 are the results from Ref. [39] , where the shear viscosity has been evaluated from the basic Kubo formula (21) using cross sections σ tot from a parton cascade model with elastic two-body collisions for gluons only. Their results are described by
and σ tot = 9 mb = 0.9 fm 2 has been used to obtain the open circles in Fig. 6 . In comparison to our NJL results one gets a decreasing but flatter ratio η/s in that approach. The assumption of a temperature-independent total cross section σ tot does not describe the high-T behavior of HTL calculations and suggested by lattice QCD.
The rising behavior of η/s has been parameterized in Ref. [20] as
with a = 0.2 and γ = 1.6 extracted from a combined fit to results from functional-renormalization-group methods and HTL calculations. Note that γ ≈ 2 as expected from the pure HTL result for gauge theories, Eq. (48). Ref. [20] has used the following form for the temperature dependence of the running QCD coupling [40] [41] [42] :
with the beta-function coefficient β 0 = (11N c − 2N f )/3, and the reduced temperature z = 0.79 T /T c , where T c ≈ 155 MeV. The shear viscosity η obtained from HTL calculations is induced by dissipative processes in the gauge sector, whereas η calculated from the NJL model arises from mesonic fluctuations in the quark sector. We interpolate between the low-T (NJL) and high-T (HTL) domains by taking the sum of the two corresponding ratios η/s, as it is suggested in Ref. [20] . The resulting summed ratio is shown as the solid line in Fig. 7 . It develops a minimum at T min = 295 MeV with η/s(T min ) = 0.29 3.6/4π due to the change between quarks and gluons as active degrees of freedom. In comparison to the analogous results T Figure 7 should be taken just for qualitative orientation. The position and value of the minimum in η/s depend sensitively on the detailed interpolation between the low-T and high-T domains. Taking the sum of the corresponding ratios at low and high temperature is only one possible way.
We have also numerically evaluated the Kubo formula for the shear viscosity (35) using results for the offshell spectral functions ρ j = Im Σ j , j = 0, 3, 4 given in Eqs. (45) and (46). The corresponding results are shown in Fig. 8 and compared. The new feature of the proper off-shell treatment is the presence of viscous processes in the whole temperature region. Therefore, the constituent-quark mass does not provide any restriction on a finite shear viscosity. It is interesting to observe that at µ = 0 the results at small T smoothly join those of the on-shell approximation where the Mott-condition m M > 2m has to be fulfilled. The quantitative difference in this region is almost negligible. At µ = 200 MeV the difference is an almost constant factor shifting the viscosity to higher values, but the overall behavior of η(T, µ) is not changed.
One can explain this qualitative agreement by the peaking of the integrand in the Kubo formula: the main contribution to η in Eq. (35) is collected around the minimum of the denominator D( , p), cf. Fig. 2 in Ref. [24] . This essentially leads to the on-shell approximation as one can argue with Eqs. (32) and (33): We conclude that the off-shell treatment provides only subleading corrections due to the peak structure of the integrand of the Kubo formula. One would expect that the shear viscosity becomes smaller in the off-shell treatment since more dissipative processes are at work. But on the contrary, the complicated arrangement of the imaginary parts ρ j , j = 0, 3, 4, in the integrand of η leads eventually to an increasing shear viscosity compared to the on-shell approximation.
VI. SUMMARY AND CONCLUSION
In this work we have investigated the shear viscosity of hot and dense quark matter described by a large-N c NJL model for two flavors. We have used the Kubo formalism and calculated the shear viscosity η from a thermal quark spectral function with inclusion of its full Dirac structure. Instead of a single width there are now three (off-shell) imaginary parts which determine the positivedefinite shear viscosity.
In the large-N c counting, the dominant dissipative process arises from mesonic fluctuations. They are dynamically generated by virtual quark-antiquark loops resummed to all orders in the non-perturbative BetheSalpeter equation. The mesonic Fock contribution to the gap equation are of subleading order 1/N c . We have calculated the three componentsΣ j of the quark self-energy provided by the mesonic Fock term, both for on-shell and off-shell kinematics. Evaluating the Kubo formula with the input ρ j = ImΣ j , we have found a decreasing shear viscosity as function of both temperature and quark chemical potential. At vanishing chemical potential, the proper off-shell treatment extends the on-shell approximation into the low-temperature region where the on-shell viscous effects are kinematically excluded. Apart from this, off-shell corrections have no further quantitative or qualitative influence. However, at finite quark chemical potentials, off-shell effects shift the shear viscosity to higher values but its overall qualitative behavior is not changed.
We have observed that the dimensionless ratio η/s undershoots the AdS/CFT benchmark 1/4π at large enough temperatures in the NJL model. Combining our results for the shear viscosity with perturbative results from hard-thermal-loop calculations in the high-T region, we find that the ratio η/s develops a minimum well above the AdS/CFT benchmark. The interpolated results compare reasonably with those from lattice QCD regarding the overall behavior and scale of the ratio η/s. However, since the chiral crossover temperature in the two-flavor NJL model, T c ≈ 190 MeV, is larger than the lattice-QCD result, T c ≈ 155 MeV, the onset of the dominant viscous effects is shifted to higher temperatures by the Mott condition.
In summary one can conclude that the correlated quark matter described by the NJL model features a small ratio shear viscosity over entropy density as it is characteristic for a perfect fluid. 
where Π S/P denotes the polarization tensor:
with the energies E
where we have denoted the momentum-independent part of the tensor by I 1 , whereas the momentum dependence is encoded in I 2 (p, ω n ). In addition we have introduced N P = − ω 2 n + p 2 and N S = N P − 4m 2 describing the pion and sigma modes, respectively. We have defined:
having defined E ± = E q ± E ∆ . The momentumindependent part of the polarization tensor reads
As mentioned already before, I 1 refers also to the chiral condensate, which can be seen from inspecting Eqs. (3) and (10):
In the calculation of Π S/P one has to take care of several minus signs: the fermion loop gives a global minus sign, in the pseudoscalar channel one has i 2 = −1 and additionally {γ 5 , γ µ } = 0 and {γ i , γ j } = −2δ ij for the Euclidean gamma matrices.
Appendix B: Details of the on-shell calculation
The individual contributions are given by
As always, the Matsubara sums can be carried out leading to some finite result with a combination of Bose and Fermi distribution functions. We arrive at
with E ± = E b ± E f . The quark-meson coupling, g Mqq , can be pulled out of the integral since no momentum dependence is taken into account as it has been justified before. We have introduced F 0,3 as
and have denoted the combinations of Bose and Fermi distributions as Z i (E b , E f ):
The Bose and Fermi distributions read
where the ± signs denote quark and antiquark distribution functions, respectively. When carrying out the Matsubara sum also for the Σ 4 part of the self-energy, we get:
.
(B6) The non-vanishing imaginary parts of Σ i are induced by their pole structure:
This means for the Z 1 term: E f + E b ± p 0 = 0, where only the minus sign can be realized. For the Z 2 term, E f − E b ± p 0 = 0, both signs can be realized for the time being. We will see that only the plus-sign case contributes to the (on-shell) imaginary parts, so there is just one contribution from Z 2 . Later, the Z 3 term is considered separately. We start with the first two terms Z ∈ {Z 1 , Z 2 }. Using the identify (B7) we find the following structure when evaluating Σ 0,3 (p, ν n ) from Eq. (B2) after analytical continuation has been carried out:
where ξ = cos θ. In order to carry out the integral over the delta function we have used
and converted the momentum integral to an energy integral using q dq = E f dE f . The ill-conditioned Θ term can be removed by the following consideration: from Eq. (B9) it is clear that |ξ| ≤ 1 is fulfilled if and only if
equivalent to F (E f , p) ≥ 0, where we have defined
For a given value of the absolute momentum the roots of F ( · , p) read for the plus-sign case 0 = E f + E b + p 0 , and therefore
The range of integration, E f ∈ [E min , E max ], depends therefore linearly on the external quark momentum:
In the limit of a vanishing external quark momentum the range of integration collapses to one single point:
We emphasize that the whole discussion is only valid for temperatures above the Mott temperatures T M , where the pion mass is at least twice the constituent-quark mass. This constraint can be seen explicitly from the integral boundaries Eq. (B12). We have already introduced the Mott temperature when discussing thermal quark and meson masses, where T M ≈ 212 MeV have been found in the case of vanishing quark chemical potential. Note that this discussion remains valid also in the chiral limit, where the current-quark mass is set to zero, m 0 = 0. In this case, the pion mass vanishes in the Nambu-Goldstone phase at low temperatures but it is finite when chiral symmetry is restored for large temperatures. We conclude that under the condition m M > 2m, i.e. for T > T M , the phase space is always non-empty and compact: ∅ = [E min , E max ] ⊆ [m, ∞). This fact implies that the shear viscosity η will evaluate to some finite result in this temperature region. However, we have also derived the following substitution rule
which leads finally to a well-conditioned one-dimensional numerical integral.
For the sake of completeness, we also mention the minus-sign case, i.e.
2 into the condition (B10) then the phase space simply vanishes for any incoming quark momentum, since the range of integration would be restricted to negative energies in the fermion loop:
We can therefore conclude that only the plus-sign case, 
(B17) Note that due to the iν n factor in the first line, the p 0 terms cancel in the final result. As done in the calculation (B8) the momentum integral can be performed:
Combining all contributions, we find with
as it has been stated in Eq. (39).
Appendix C: Details of the off-shell calculation
Due to the symmetry properties of the quark spectral function, ρ(−p 0 , p, T, µ) = −ρ(p 0 , p, T, −µ), we can simplify our discussion and restrict the off-shell energy to non-negative values p 0 ≥ 0.
We return to Σ 0,3 given in Eq. (B2) and decompose into partial fractions for convenience:
As in the on-shell discussion, taking its imaginary part probes the pole position of the partial fractions introducing four cases ±E b = E f ± p 0 . The fraction in the first line introduces E b = −E f − p 0 < 0 which can be excluded immediately. The remaining three cases are denoted as follows:
As mentioned we restrict the discussion to p 0 ≥ 0. Carrying out the d 3 q integral introduces again the restriction |ξ| ≤ 1 with ξ = cos θ denoting the polar angle:
equivalent to F (E f , p, p 0 ) ≥ 0, where we have defined
In the off-shell case p > 0 and p 0 ≥ m are independent of each other. In the following we evaluate the threedimensional integral (C1) ensuring |ξ| ≤ 1 by applying the three cases for the relation between quark and meson energy. Case I. This is the only case that can be realized onshell: E b = E f +p 0 . The following two conditions have to be fulfilled: (i) E f > m and (ii) E f > m M −p 0 , which can be summarized in E f > max(m, m M − p 0 ). Evaluating the condition |ξ| ≤ 1 we find 
These roots of F (E f , ·, ·) are generalizations of E max,min introduced in Eq. (B12). One finds indeed
Note that in contrast to m < E min < E max , the off-shell roots are not ordered that simply. Dependent on s > 0 or s < 0 one has E − < E + or E + < E − , respectively. In addition, it might happen that one or even both roots are negative as we will see. First, we consider the case s < 0 which leads to a convex-up parabola F (E f , ·, ·) with possible integration ranges E f < E + and E f > E − . In general one has to distinguish additionally the two cases m < m M and m > m M , but right now we find for both cases For Case I with s < 0 we have the range of integration E f > E − as sketched in Fig. 9(a) . Now consider the case s > 0 with a concave-down parabola F (E f , ·, ·). The possible integration range is E − < E f < E + . This time, the roots are not automatically real numbers, but for (m − m M ) 2 < s < (m + m M ) 2 they become purely imaginary and have to be excluded.
Therefore, the case m > m M cannot be realized and only for m < m M the full range of integration is accessible. We summarize this case in Fig. 9(b) . Having s > 0 there is the second option p 0 > (m + m M ) 2 + p 2 for which one has for both cases m < m M and m > m M :
We conclude m M − p 0 < E − < E + < −m < 0, hence this option is excluded and the discussion of Case I is completed. Case II. Evaluating the condition |ξ| ≤ 1 using E b = E f − p 0 leads to hence − E ± are the roots of F (E f , ·, ·). We follow the same systematic path as before: Consider first the case s < 0 implying again a convexup parabola with E − > E + . This means − E − < − E + , providing two possible integration ranges E f < − E − and E f > − E + . One finds:
(C12) In conclusion we find the range of integration as shown in Fig. 10(a) , again without any restriction on the quark and meson masses. Now consider s > 0. This time the possible range of integration is − E + < E f < − E − . For the option p 0 < (m − m M ) 2 + p 2 we find m > m M , leads to:
which excludes this case because E f > max(m, m M + p 0 ) must be ensured. This case is illustrated in Fig. 10(b) .
It is important to realize that E b in this case is just the negative of the condition used in Case I. Therefore, all contributions present for Case I cannot be realized for Case III. It remains to check the case s > 0 in combination with p 0 > (m + m M ) 2 + p 2 . We have − E + < E f < − E − as possible integration range and find (cf. the related discussion for Case I):
which is valid for both m < m M and m > m M . In conclusion, there is only one contribution to the imaginary part for Case III as shown in Fig. 11 . Combining now all three cases, the off-shell imaginary part of Σ 0 (p, −ip 0 ) can be calculated immediately. The rather lengthly result reads 
3 The minus signs for Case I is due to the pole description+i instead of −i for Case II and Case III. For E b we have always inserted the corresponding relations to E f and p 0 as defined in Eq. (C2).
Note that for J III the condition θ(p 0 −p) just follows from θ(p 0 − (m + m M ) 2 + p 2 ), therefore this θ-function can be omitted.
Next we present the off-shell result for the imaginary part of Σ 4 (p, −ip 0 ), performing again a partial-fraction decomposition of Eq. (B6):
In comparison to Eq. (B2) there is the factor p 0 in the denominator and also combinations of E b and p 0 in the numerators, but Σ 4 features the very same pole structure as discussed before. Therefore we find immediately:
(C21) Introducing the two auxiliary functions , (C22) we find: , the remaining integral for Σ 3 can be performed easily, since all building blocks have been prepared. The main observation is that F 3 splits into two parts: the first one is independent of E f , the second one introduces the same E f dependence present in the calculation for Σ 4 : 
